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Scalar particles—i.e., scalar-field excitations—in de Sitter space exhibit behavior unlike either 
classical particles in expanding space or quantum particles in flat spacetime. Their energies oscil¬ 
late forever, and their interactions are spread out in energy. Here it is shown that these features 
characterize not only normal-mode excitations spread out over all space, but localized particles or 
wave packets as well. Both one-particle and coherent states of a massive, minimally coupled scalar 
field in de Sitter space, associated with classical wave packets, are constructed explicitly. Their 
energy expectation values and corresponding Unruh-DeWitt detector response functions are calcu¬ 
lated. Numerical evaluation of these quantities for a simple set of classical wave packets clearly 
displays these novel features. Hence, given the observed accelerating expansion of the Universe, it 
is possible that observation of an ultralow-mass scalar particle could yield direct confirmation of 
distinct predictions of quantum field theory in curved spacetime. 
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I. INTRODUCTION 

Although quantum field theory in curved spacetime is 
widely regarded as a mature, even a finished field, exper¬ 
imental or observational confirmations of its predictions 
are lacking. It is therefore of interest to seek phenom¬ 
ena within the theory—entailing both field quantization 
and nontrivial spacetime geometry—which might come 
within reach of actual measurement. Effects of quantized 
fields on the evolution of spacetime, e.g-, via black-hole 
evaporation |T] or cosmological inflation 0, have been ex¬ 
tensively studied for decades, but direct observation of ei¬ 
ther phenomenon has proved elusive. It is possible to look 
in the other direction: for effects of spacetime geometry— 
in particular, of spacetime dynamics —on quantized-field 
excitations, i.e., on the measurable properties of elemen¬ 
tary particles. The possibility that precise measurements 
of particle properties might probe the dynamics of the 
cosmos is an intriguing one. 

In 1989 I described the behavior of scalar particles, 
i.e., excitations of a real, linear, scalar field, in de Sit¬ 
ter space 0. Modulation of the field normal modes by 
the vigorous dynamics of that spacetime causes those 
excitations to behave unlike either classical particles in 
an expanding universe or quantized-field excitations in a 
static spacetime: Their energy expectation values, above 
that of the vacuum, oscillate at late and early times with 
fixed amplitude and frequency, rather than redshifting 
to a constant value (the field mass). And their interac¬ 
tions with a “detector” coupled to the field, again above 
the vacuum value, describe not a finite transition rate 
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at fixed energy but a finite transition probability over all 
time, with finite width in energy. That is, the detec¬ 
tor fails to fix the energy of an excitation at a specific 
value. This effect is also found for scalar-field excitations 
in a suitably dynamic “laboratory” setting in flat space- 
time [5|. 

At the time, however, these phenomena might have 
been regarded as arcane curiosities, for several rea¬ 
sons: The expansion of an ordinary matter- or radiation- 
dominated universe is far less vigorous than the hyper¬ 
bolic or exponential expansion of de Sitter space, sup¬ 
pressing the effects. And these effects are apparent only 
for excitations of a field with Compton wavelength com¬ 
parable to the curvature radius of the spacetime, being 
strongly suppressed for larger masses. In the early uni¬ 
verse this might encompass fields with GUT-scale masses, 
but that epoch is inaccessible to direct observation; in 
the present era this would require a mass far smaller 
than that of any known particle. (Conformally invari¬ 
ant massless fields, such as that of the photon, do not 
exhibit such effects at all.) Also, the normal modes of 
the field correspond to field configurations extending over 
all space; observed particles are associated with localized 
wave packets. 

Recent discoveries, however, have vitiated some of 
these objections. Detailed observations of Type la super¬ 
nova distributions Q and of the cosmic microwave back¬ 
ground suggest that the present Universe is dominated 
not by matter or radiation but by cosmological-constant, 
vacuum, or “dark energy” contributions, making de Sit¬ 
ter expansion a better approximation to cosmological dy¬ 
namics than previously apparent. Moreover, Parker and 
Raval i0 have shown that the vacuum-energy effects of 
a linear scalar field with mass of order 10~ 33 eV can ac¬ 
count quite tidily for the observed expansion of the Uni¬ 
verse. Such a mass corresponds to a Compton wavelength 
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of order 10 26 m, the same order as the curvature radius 
of a de Sitter-like spacetime with Hubble parameter, say, 
75 km/s/Mpc. If the particles (excitations) of Parker’s 
and Raval’s proposed field can be detected, they might 
exhibit the dynamical effects I have described. Burko, 
Harte, and Poisson have also shown that a classical 
scalar particle in an expanding universe can display un¬ 
usual behavior—a nonconstant mass—with potentially 
observable consequences. 

In this work I show that the novel dynamical features 
of normal-mode excitations of a scalar field in de Sitter 
space can persist in field states describing localized wave 
packets, e.g., first-quantized or classical particles. I con¬ 
struct several classes of (second-quantized) field states 
associated with classical solutions of the field equation. 
I then obtain exact expressions for excitation energies 
and monopole-detector response functions in these states. 
Numerical evaluation of these results for a simple choice 
of wave packet illustrates the effects sought, and suggests 
further avenues of exploration. 

The spacetime geometry and field theory used here are 
described in Sec. un below. Quantum states suitable for 
describing localized field configurations are given explic¬ 
itly in Sec. mu and their energies and detector responses 
are calculated. Numerical results for sample wave packets 
are shown in Sec. m The results and their implications 
are summarized in Sec. El Throughout I use units giving 
H = c = 1; sign conventions and general notation follow 
those of Ref. y. 


II. SPACETIME AND FIELD 
A. de Sitter-space geometry 

de Sitter space provides a suitably dynamic back¬ 
ground geometry. This spacetime can be given coordi¬ 
nates with closed (spherical), flat, or open (hyperbolic) 
spatial sections. Although recent evidence suggests the 
latter two may be more appropriate to the actual Uni¬ 
verse II EH , I use the first here for simplicity. For N + 1- 
dimensional de Sitter space (a straightforward general¬ 
ization of 3 + 1 dimensions), convenient coordinates are 
comoving-observer proper time t £ (—oo, +oo), N— 1 po¬ 
lar angles 9 1 ,..., O^-i £ [0,7r], and one azimuthal angle 
t f> £ [0, 27t). The spacetime metric takes the form 

ds 2 = —dt 2 + a 2 cosh 2 (f/a) dfl 2 N (2.1) 

in these coordinates, where a is a positive constant and 
the metric of the unit A-sphere. 


B. Scalar field theory 


A real, linear, massive, minimally coupled, quantized 
scalar field serves as a simple example. The field ip 7 with 
mass /Lt, has Lagrangian density 

£ = -i(V a ^>V f V + /zV) (2-2) 


and corresponding field equation 

(D~p 2 )p = 0, (2.3) 

where □ is the covariant d’Alembertian in A + 1- 
dimensional de Sitter space. 

Quantized fields in de Sitter space have been studied 
extensively since the 1950’s m- A thorough description 
of the approach used here, with references to some of the 
enormous literature, is given in Ref. 0- In this section I 
briefly summarize the features of this model appropriate 
to the present problem. 


1. Canonical quantization 


Canonical quantization of this field is effected via an 
expansion of p in normal modes, with operator coeffi¬ 
cients, thus: 


<p(t, fl N ) = a N/2 Y^i b LXL{t) + b[x* L {t)\ A’l(^at) • 

(2.4) 

Here Qn denotes the angular coordinates 9 \,..., 9n-i, 4> 
collectively, and L denotes the set of angular-momentum 
quantum numbers identifying the normal modes. The 
A-dimensional spherical harmonics 3A, can be given ex¬ 
plicitly as 


N-l 

3A(fUv) = 

i=i 



A +A J+ i)! \ 1/2 

\ ~ Vu)!/ 


with 


x (sin 9j)^ +1 JV)/2 P A3 A _![ 1 1 /2) (cos Oj) 


x [n(l + S 1n0 )]- 1/2 


( cos(In4>)\ 

\sm(l N (j)) J ’ 
(2.5a) 


Ai = h + 


N-j 

2 


(2.5b) 


and 


l\ A I2 A • • • A In—i A In A 0 (2.5c) 

the integer quantum numbers making up the set L. Here 
the P’s are associated Legendre functions of the first kind, 
and the harmonics are chosen real for convenience. The 
time-dependence functions \l can be written 

XLit) = (ss&) ™ 1 '~' v/2 < , /“> 
x {4 +)p A 1 T 1 / 2 [ tan h(Va)] + 4“ )p t-“/2[ tanh ^/ a )]} ’ 

(2.6a) 

with parameter 



( 2 . 2 ) 


(2.6b) 
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and constants satisfying Ift^l 2 — || 2 = 1. The 
form and behavior of the functions differ for real and 
imaginary values of q. Here I shall take q real, i.e., mass 
satisfying p > N/ (2a). 

The operator coefficients b l and b\ in expansion (IP) 
play the usual role of field-excitation annihilation and 
creation operators, respectively. They satisfy commuta¬ 
tion relations \bL,b' L ,] = 5 ll 1 , et cetera. 


2. Functional Schrodinger description 

Quantum states of the field tp can also be described by 
wave functionals H/at), t], which depend on the con¬ 
figuration of the field on constant-time hypersurfaces of 
the de Sitter geometry, and the time. The wave func¬ 
tionals are solutions of a functional Schrodinger equa¬ 
tion EMI 


d 

i—\& = H T 
dt 


with Hamiltonian operator 


(2.7a) 


a sum of independent “harmonic oscillator” Hamiltonians 
with time-dependent “angular frequencies” 


WL 



e^h + N- 1) \ 1/2 
a 2 cosh 2 (f/a) / 


(2.10b) 


The Hamiltonian can also be expressed in terms of the 
amplitude operators and time-dependence functions of 
expansion iTOl) . It then becomes 


cosh JV (t/a) v ^ 

H= -9- 1. 


( b[b L + b L b{)(xLX* L + uIxlXl) 


+ b 2 L {xl + w ixl) + ^l(x*l + X*l) j 

.(2.11) 

where overdots denote time derivatives. The annihilation 
operators are represented in the functional Schrodinger 
description as 


b L = -ia 1/2 cosh N (t/a)x* L yL + a 1/2 X*ly~ , (2-12) 

oyL 

with the creation operators b* L the Hermitian conjugate 
of this. 


H= f dn N a N cosh N (t/a)\g tt \- 1/2 T tt (2.7b) 

J 3. Excitation-number eigenstates 

constructed from the spacetime metric and the canonical 

stress-energy tensor A Fock space of quantum states for the field p is 

spanned by eigenstates of the excitation-number oper- 
T a p = V a ip + SapC* (2-7c) ators b^ L b^- These have wave functionals 


of the field, where C is the Lagrangian density (12.2D . (For 
the minimally coupled field p, this tensor coincides with 
the gravitational stress-energy tensor obtained by varia¬ 
tion of the field action with respect to the metric.) The 
Hamiltonian is rendered a functional differential operator 
via the representation of the field momentum 

n = S7 t p -> igtt\g \~ 1/2 , (2.8) 

(up 

with g the metric determinant, paralleling the represen¬ 
tation of momentum in ordinary quantum mechanics. 

The Hamiltonian takes a particularly simple form in 
terms of the amplitudes with which the field configura¬ 
tion is expanded in spherical harmonics. With expansion 


f(^n) = « (1 N ^ 2 Y. Vl yL {^n) (2-9) 

L 


—an expansion of the field on a single constant-time hy¬ 
persurface, not on the entire spacetime as in Eq. 
the Hamiltonian becomes 


- 


secli (f/a) S 2 

M 


2 a 


a cosir (t/a) n 9 
-~ wl y\ 


(2.10a) 


*{n L }[{VL},t] = ] l (^ y / \ 2 nL n L \)- 1 / 2 


x [xi{t)] ~ i/2 (§§j) nL ' 2 HnL [ ^ 2(t) vl] 


X exp{-i[A L (f) - iA L (t)\ y 2 L } 


with 


(2.13a) 


A L {t) 

A Lit) 


a 


2\XL(tW ’ 


acosh N (t/a) 

2|.xl(Q| 2 



(2.13b) 

(2.13c) 


and each H nL an Hermite polynomial of order ul- The 
nonnegative integral excitation numbers ul for all the 
normal modes of the field are exact constants of the 
states’ evolution; the set {ul} identifies each eigen¬ 
state. These are not, however, eigenstates of the Hamilto¬ 
nian or (I 2 TH) . These states form an orthonormal 

basis: 


<MIK}> 


/ ^{n L }[{VL},t]^{n' L }[{yL},t] \\_dy L 

J L 


L 


(2.14) 
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in bra-and-ket notation. 

The expectation value of the field ip in any of these 
eigenstates is zero. Each wave functional 12.1.3a!) is of 
definite parity in each field amplitude i/l , implying 

({n L }\v\{n L })(t,n N ) = J ^* {nL} [{y L },t] 

x ^« (1_JV)/2 VL W^)) ^{n L }[{yL}, t] dy L 
= 0 . 

(2.15) 

Of course the same result follows from expansion im . 
the annihilation and creation properties of the amplitude 
operators, and the orthonormality relation (EH- 

The expectation value of the field energy—as de¬ 
fined by Hamiltonian 12.1 Hall or 12 .111) —in an excitation- 
number eigenstate consists of a “vacuum energy,” plus a 
sum of excitation energies for each mode times the num¬ 
ber of excitations in that mode. This can be written 


state | {ul })—is proportional to a response function in¬ 
dependent of the detector’s structure, viz., 


/ +oo 

-OO 

x ({n L }|¥>[a;(ri)] w[x{T2)]\{n L }) dn dr 2 , 

(2.18) 

where x{t) denotes the coordinates of the detector’s 
worldline at proper time r. For a detector comoving in 
the geometry of metric ED, at angular coordinates Hat, 
this too decomposes into a vacuum contribution plus con¬ 
tributions from each excitation: 


p+oo 


0 -iE(T 1 -T 2 ) 


E{n L }(E,fl N ) = E{ 0 y{E, fl N ) 

+a~ N J2 n L \\X l (E)\ 2 + \X L {-E)\ 2 ]yl(Sl N ) , 

L 

(2.19a) 

with Xl(E) the Fourier transform 


{{n L }\H\{n L })(t) = ({0}\H\{0}) + J2nLE L (t ) , 

L 

(2.16a) 

with 


E L (t) 


a 2 oj\ cosh 2N (t/a) + A 2 L + A| 
2a Al cosh N (t/a) 


(2.16b) 


The vacuum contribution ({0}|17|{0}), sometimes de¬ 
scribed as a “particle content,” has been extensively an¬ 
alyzed [lj, Hfl■ It is the energy El, however, which 
is associated with a “particle” in the sense of an excita¬ 
tion of the field. For a minimally coupled field (specif¬ 
ically, for any except a massless, conformally coupled 
field), E l behaves quite unlike a classical energy. For 
mass p > N/(2a) as assumed here, it oscillates at late 
times t » a: 


E L (t) 




cosh a.L 


Np 

2 qa 


sinhai cos(2 qt — (3 l) , 


(2.17a) 

where the parameters q.l and /3l are determined by 


the constants which fix the normal-mode time- 

dependence (“positive-frequency”) functions \l, as in 
Eq. 12.ball , viz., 


<xl = 2 Arccosh|/v^ + ' ) | = 2 Arcsinh|«:^ •* 


Pl = arg 


(+) (-)* 
Kr Kr 


N 

— + iqa 


(2.17b) 

— 2 argT(l + iqa) . 

(2.17c) 


The oscillations of the energy El do not damp out; their 
amplitude is asymptotically constant. For the minimally 
coupled field considered here, the oscillating El remain 
always positive. 

Field states can also be characterized by the resp onse 
of an Unruh-DeWitt “monopole detector” 03- Ell cou¬ 
pled linearly to the field. The probability of the detec¬ 
tor making a transition of energy E —with the field in 


/ +oo 

e~ iEt XL(t)dt 

-OO 

2 ( N ~*V 2 a 


(2q) 1 / 2 T(N/2) 

x [«4 +1 S(-|-q, Ai, E) + ^S(—g, A l5 E)] 

(2.19b) 


and 


v i cn l r(l -^V 72 ^ ( N , i(E + q)a 

-to.Ai.E) = | r( i + igo) J r (t + 2 

/TV _ i(E + q)a 

1 V4 2 

." 1 1 , N i(E + q)a „ . N 

X3A2 ( 9 + A-2-’ 1 "2"’ 1 


(2.19c) 


In Minkowski space the transform A is a delta function 
in energy. The response function T thus contains a factor 
enforcing energy conservation, and a factor of the total 
time interval, by which it is divided to give a response 
rate. In de Sitter space, however, the response probabil¬ 
ity associated with an excitation is finite and has finite 
width in energy, reflecting the influence of the dynamic 
spacetime geometry. 

The choice of coefficients appearing in Eqs. 12. ball . 

OTT7I) . and (I2.19bll is tantamount to the choice of vacuum 
state on which the state space of the field is based. Many 
authors have examined the variety of vacuum states avail¬ 
able for a scalar field in de Sitter space 19]. For many 
reasons, the Euclidean f2(j or Chernikov-Tagirovlpll] vac¬ 
uum emerges as the most appropriate choice |3]. The 
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coefficients corresponding to that choice are 
( + ) 2 i<?a e -i7r ( Al-1//2 )/ 2 

Kl = (1 _ e -2nqay/2 

( r ( | + Ai + iqa \ ^ f \ + Aj + iqa \ ^ 


1/2 


V 


| + Ai — iqa 


r 


+ Ai — iqa\ 




(2.20a) 


^ 2 -iqa e -i'rr(X 1 +3/2)/2 

" L = (^^TyT2 


f r ( | + Ai -iqa \ r f \ +Ai - ^ 


1/2 


^ + Ai + iga 


r 


| + Ai + iga^ 


) 


(2.20b) 


This choice will be used here in all subsequent calcula¬ 
tions. 


III. LOCALIZED PARTICLE STATES 
A. “Smeared” one-particle states 

A simple way to associate an excited state of the field ip 
with a localized “wave packet” is to “smear” the field 
operator ip with a suitable classical solution $ of the wave 
equation (IQ) . and apply the resulting operator to the 
vacuum state |{0}). The result is a superposition of one- 
particle states: 


l*>! = (*,¥>) |{0}>, (3-la) 

where the smeared field operator is the Klein-Gordon in¬ 
ner product 


($, p)=i J p — 4> ip^ a N cosh N (t/a) dtt]y . (3.1b) 

If the classical wave packet $ is given by the expansion 

$(f, fl N ) = a~ N / 2 + ClX*l{ 0] 34(fliv) > 

(3.2) 

with c-number coefficients then operator expan¬ 
sion 12.41 and the orthonormality of the normal-mode 
basis functions imply 

(*,¥>) = £(& - ZLbl) ■ (3.3) 

L 

The smeared one-particle state is then 

i*>i = -£aiu>, ( 3 . 4 ) 

L 


where the kets on the right denote excitation-number 
eigenstates with one excitation in the L mode and zero 
in all others. The state |$)i is normalized to unity if the 
normalization condition 

Ei^i 2 = 1 ( 3 - 5 ) 

L 

is imposed on $. Because this state is a superposition of 
single-excitation particle-number eigenstates, the expec¬ 
tation value of the field p in this state is zero, just as for 
a single eigenstate. 

The excitation energy of this state, i.e., the expectation 
value of the field Hamiltonian above the vacuum value, 
follows from Eq. (12.Rial . It is 

= Y}Zl\ 2 E L {i) , (3.6) 

L 

with the El from Eq. 

The detector response function for this state can be 
calculated as in Eq. Ol . For a comoving detector, the 
result is 

fi 1 \E,n N ) = T {0} (E,n N ) 

+ |^+(-£', fljv)| 2 + |4 > +(~ E, Hat )| 2 , 

(3.7a) 

where 

^> + (E,n N ) = a- N / 2 J2^X L (E)y L (n N ) , (3.7b) 

L 

with Xl from Eq. mna, is the temporal Fourier 
transform of the “positive frequency” part of the wave 
packet 


B. States with nonzero (ip) 

One feature which might be expected of a quantum- 
field-theoretic description of a classical or “first- 
quantized” particle, but which does not appear in the 
smeared one-particle state, is a nonzero expectation value 
for the wave field tp. This can be obtained via an admix¬ 
ture of vacuum and one-particle states. For example, the 
state 

|$) e = cose |{0})-sine |$)i (3.8) 

has field expectation value 

e ($|/?|<I>) e = sine cose$(t,fljv) . (3.9) 

The energy of this state above the vacuum is 

({&},£) = sin 2 e£i({£i},t) , (3.10) 

with E\ from Eq. j3Tj. The detector response function 
for this state is 

J%>(E,(l N )=F {0} {E,Sl N ) 

+ sin" e [|$ + (£’, Hat)! 2 + |$+(— if, S2jv)| 2 ] , 

(3.11) 

with <I> + again from Eq. (I3.7bll . 
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C. Coherent states 


The excitation energy of the state, above the vacuum, is 


Perhaps the most appropriate description of a “classi¬ 
cal” particle or wave packet in quantum field theory is a 
coherent state or Glauber state [ 23 , akin to those states 
embodying classical behavior in a quantum harmonic os¬ 
cillator. These states can be constructed by applying a 
“displacement operator” [UIHI to the field ground state: 

|*>c = n^&)K°», (3.12a) 

L 

with 

Dl(£l) = exp(ab f L - ? L b L ) . (3.12b) 

Clearly this state is a superposition of all particle-number 
eigenstates. It can be written 

I*>C = n ex P(—il^l 2 ) ex P(ah) exp(-£2& L ) |0 )l 

(3.13) 

Here k) l denotes the Ath excited state of the L field 
mode, and the normalization 13.51) is again assumed. 

An explicit wave functional for this state can be ob¬ 
tained by using operator representation 12. 1 21) . With the 
time dependence of each term in expansion 13.211 of 4>, 

Y L {t) = a~ 1/2 [^ L XL(t) + ClXlW , (3.14a) 

and a corresponding time derivative 

V L {t) = a 1 ' 2 cosh N (t/a) [£lXl(0 + ClXl^)\ , (3.14b) 

the displacement operator takes the form 

D l (£l) = exp (iV L y L - Y L 

= e-&LYL e iVLVL e -YL 7 £ E ' (3.14c) 


&<{«,<) = E f ch 2 <t/a) +(‘> 



acosh N (t/a) 2 
+ 2 u L 

m 2 (t)\ . 

The operator identity 

(3.17) 


OO 1 

e A Be- A = Y J -,[A,B)M , 
n\ 

n— 0 

(3.18a) 

with 

[A,H] (0) = B 

(3.18b) 

and 

[A,B]W= [A,[A,B]^] , 

(3.18c) 

as may be proved by induction, implies, e.g. 



&L Dl{£,l) = Dl{£,l) (Pl + £l) 

(3.19a) 

and 

[D l L tL)]'bi = (b' L +a)[D L (ZL)]' 

(3.19b) 


These can be used to evaluate the comoving-detector re¬ 
sponse function in the coherent state, yielding 

T C {E, 0 N ) = E {0} (E, 0 N ) + |4>(£, Htv)| 2 
= F{0}{E, 0,1 v) 

+ [$+{E,o N ) + $;(-£, o N )] 
x [$ + {-E,n N ) + ** + (E,n N )] 

= e£\e,o n ) 

+ 23 r[$ + (e,o n )$+(-e,o n )}, 

(3.20a) 

with 


Applying these operators to a wave functional of 
form I2.13al) for the vacuum state yields the wave func¬ 
tional 

= n (f ^ [xl(t)]- 1/2 e-^ YL e^yt- 

L 

X exp{-i[A L (f) - iA L (t)] ( y L - Y L ) 2 } 

(3.15) 

for the coherent state corresponding to the classical 
field 4). 

Expectation values of operators in this state match 
closely the corresponding classical quantities. The ex¬ 
pectation value of the field is 


(3.16) 


HE, 0 N ) 



4>(i, On) dt 


(3.20b) 


the temporal Fourier transform of the full wave packet <f>, 
and and &+(E, On) from Eqs. 13.71) . Result 13.20al) 
shows that as long as 3?[4>+(E, 12^)4?+ (-E, Hjv)] is 
nonzero, an Unruh-DeWitt detector can distinguish be¬ 
tween the smeared one-particle state and the coherent 
field state for the same classical field configuration 4>. 


IV. EXAMPLE: A GAUSSIAN WAVE PACKET 

To illustrate the persistence of spacetime-dynamical ef¬ 
fects on a localized particle, I use a simple—if somewhat 


(4>|(/?|4>) c = . 
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unrealistic—classical wave packet: a momentarily static, 
spherically symmetric Gaussian field at the instant of 
minimal spatial radius (t = 0 ), centered on the ’’north 
pole” (9 1 = 0) of the de Sitter space. This is specified 
via 

® (0 ' fiw)= ( 2 ^ 5 ) 57 * eX »(^) (4 ' la) 


and 


$(0,fiiv) = 0, (4.1b) 

where constant a represents the width of the initial 
Gaussian and I\ is determined numerically by enforc¬ 
ing condition 13.51) . A separate normalization of the form 
[a cosh(f/a)] N f $ 2 dfl n is not imposed, as the field equa¬ 
tion E3 does not preserve such a condition. 

For numerical calculations, it is convenient to write the 
time-dependence functions 1 2.6 all in the equivalent form 

/ \ 1/2 

XL(t)= (^l) (/■<<)- , (4-2a) 


with 

fi(t) = [cosh(t/ a)]~ N / 2 ~ iqa 


<F (i± 2 l±^, unh’d/a)') 


and 

f 2 (t) = [cosh(t/ a)}~ N / 2 ~ iqa 


(4.2b) 


xF 


^ T Ai + iqa ^ — Ai + iqa 


; |; tanh 2 (t/a)J , 
(4.2c) 

the F 's here denoting ordinary hypergeometric functions. 
The parameters 


7 l = A l (0) - *A l (0) 


la 


. Xl(0) 
Xl( 0) 


(4.3a) 


with Al and Al from Eqs. arm . incorporate the choice 
of vacuum state for the field, just as do the coeffi¬ 
cients of Eq. 12.flail . For the Euclidean or Chernikov- 

Tagirov vacuum choice used here, their values are 


1L 


2 


+ Ai + iqa 


^ A Ai — iqa 


(4.3b) 


This specification is equivalent to the coefficient 
choice EZD - 

All the particle properties of interest can be calculated 
once the expansion coefficients Cl for the wave packet 4> 
are known. With the 7 l real, condition (14. lbl) implies 


Cl = Cl- Expansion El and form El then yield the 
general form 


Cl = a (JV ~ 1)/2 1/2 J $(o, n N ) y L (n N ) dn N . 

(4.4a) 

The calculations displayed here are for the case of three 
spatial dimensions (N = 3), and a value for parame¬ 
ter Em of qa = A. The spherical symmetry of the 
wave packet implies that only i 2 = £3 = 0 harmonics 
contribute. The relevant coefficients are thus 
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(4.4b) 

The approximation in the last expression is that of ex¬ 
tending the integration from it to infinity; for a values 
substantially less than unity the error introduced is negli¬ 
gible. It is even possible to calculate the coefficients £400 
for the <7 —► 0 limit of this wave packet, i.e., a genuinely 
pointlike (5-function packet at t = 0. This yields 


AS) _ 
s^oo 


aK 1/2 


2 T# ( /l + 1 >’ 


(4.4c) 


where again K is determined numerically by imposing 
condition (13.511 on the coefficients. In this case, since the 
expansion for >I> is formally divergent, care must be taken 
to discard numerical artifacts associated with the cutoff 
in the sum over t\ values. Here the convergent series for 
finite a values are taken to 50 terms; the series for the 
(7 —4 0 limit are cut off at 100 terms. 

The classical evolution of the wave packet, and the 
associated quantum energies and detector responses de¬ 
scribed in the previous section, are obtained via numeri¬ 
cal evaluation of the necessary gamma and hypergeomet¬ 
ric functions. As both of these can involve sums of large 
terms with alternating signs, roundoff errors are a signif¬ 
icant concern. The results shown here were calculated in 
quadruple-precision—128-bit real and 256-bit complex— 
arithmetic to suppress these errors. The sums over C\ 
were taken over 50 terms for the (convergent) finite-u 
cases, and over 100 terms for the o —> 0 limit case. 

The classical evolution of the Gaussian wave packet 
is shown in Fig. H The field is shown rescaled by 
a factor cosh 3 ^ 2 {t/a), to compensate for the diminution 
of $ associated with the increasing physical volume of the 
space. Over the time interval shown, the radius of the 
space increases by a factor of over 1.6 x 10 6 , the volume 
by over 4.3 x 10 18 . The initially localized packet spreads 




















FIG. 1: Evolution of a spherically symmetric, initially Gaussian scalar wave packet in de Sitter space, centered on the “north 
pole” (9 1 = 0). The (angular) width of the initial Gaussian here is a = 0.1414 . The field 4? is rescaled by cosli 3 ^ 2 (t/a) to 
compensate for the physical expansion of the space. 


quickly to the two-dimensional “equator” of the space, 
i.e., the sphere 0\ = 7 t/2 . This general behavior is quite 
insensitive to the initial width a of the packet. 

The excitation energies (I3TT7I) of coherent quantum 
field states corresponding to such classical wave pack¬ 
ets, above the Euclidean vacuum, are shown in Fig. [5] 
For the initially static wave packets used here, the ener¬ 
gies are time-symmetric. As it happens, the excitation 
energies 1.1, (ill of smeared one-particle states for the same 
wave packets are indistinguishable from these on the scale 
of this graph. The most striking features of these en¬ 
ergies are that the oscillations apparent in the individ¬ 
ual normal-mode energies persist, and the amplitudes of 
these oscillations—though not their phases—are insen¬ 
sitive to the initial width of the classical wave packet. 
Moreover, for the parameters used here, the mass of the 
field is /i = 1.581 a -1 ; the oscillating energies are always 
substantially above that value. This contrasts with the 
energy of a classical particle, which would rapidly red- 
shift to the value /i. The periods of the oscillations all 
approach 6.28 a, the same as that of the individual-mode 
energy oscillations isrra for the value of q taken here. 

The detector response functions, above the vacuum 
contribution, for smeared one-particle and coherent field 
states corresponding to these wave packets are shown 
in Figs. 00 Because the wave packets are localized, 
the response depends strongly on the location of the de¬ 
tector. Responses for coherent states, with the detec¬ 
tor comoving—i.e., sitting—at the “north pole” of the 
space (0i = 0, the center of the wave packet) are shown 


in Fig. 0 Response functions for smeared one-particle 
states corresponding to the same wave packets are indis¬ 
tinguishable from these at this position. However, for 
a detector comoving anywhere on the “equator” [6\ = 
7t/2), the responses for the two field states are distin¬ 
guishable at low energies, although the response func¬ 
tions (probabilities) are some two orders of magnitude 
smaller. This is illustrated in Fig. 0 for a wave packet 
with a = 0.2236; the results for other widths are similar 
in size, shape, and location. With the detector at the 
“south pole” (0i = 7r), the responses for smeared one- 
particle states are two orders of magnitude smaller still, 
as shown in Fig.0 The responses for coherent states for 
the same wave packets are at least three orders of magni¬ 
tude smaller even than these at this position; in fact they 
are below the precision of these calculations. In all cases 
the response functions retain the finite peak height and 
width which characterize the individual normal-mode ex¬ 
citations. Of course here both the irreducible, individual¬ 
mode widths and the superposition of modes required to 
form the wave packets contribute to the observed peak 
widths. The peak energies increase monotonically with 
increasing localization of the wave packet (decreasing cr), 
as might be expected, for the north-pole detector (Fig.0. 
Notably, however, this progression is not apparent at the 
other detector positions. There the peak heights decrease 
monotonically with decreasing cr, i.e., the more strongly 
localized particles are simply less detectable at these lo¬ 
cations. 
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FIG. 2: Excitation energies £ c of coherent (Glauber) field states corresponding to initially-Gaussian classical wave packets. 
The energy for the initially pointlike (<r —> 0) wave packet decreases monotonically from a value of 80.4133 o _1 at t = 0 to the 
region shown here. 


V. CONCLUSIONS 

Localized first-quantized or classical particles are read¬ 
ily described in a quantized linear field theory on a 
curved-spacetime background. Smeared one-particle field 
states and coherent field states provide straightforward 
means for this. Dynamical features of the particles, such 
as energy expectation values and detector response func¬ 
tions in these states, are easily evaluated. For parti¬ 
cles in hyperbolically (exponentially) expanding de Sit¬ 
ter space, the distinctive behavior of these features for 
normal-mode excitations of the field persists for at least 
some localized-particle states: Energy expectation val¬ 
ues oscillate, and detector response functions are finite, 
with finite width in energy. While states describing more 
realistic particles, e.g., those localized at arbitrary posi¬ 
tions at arbitrary times, would require more complicated 
normal-mode expansions than those used here, it is to 
be expected that these behaviors would still characterize 
the particles. 

The smeared one-particle state construction is more 
commonly associated with a single particle in quantum 
field theory, although coherent field states might be more 
apt descriptions of a particle with a well-defined (first- 
quantized) wave function, or of a classical field wave 
packet. For the simple wave packets examined here, the 
energy expectation values of the states do not distinguish 
between the two descriptions, but the detector response 
functions—especially, for detectors located away from the 
initial localization of the wave packets—could do so. 


The interpretation of these features in terms of phys¬ 
ical measurements is, however, somewhat subtle. For 
example, if the scale factor a in de Sitter metric ED 
is taken to be c/H 0 , with c the speed of light and 
Hq = 75 km/s/Mpc, then its value in ordinary units 
is a = 1.2 x 10 26 m. The field mass /r correspond¬ 
ing to the examples of Sec. |W| above (with qa = ^) is 
H = 1.58hc/a = 2.5 x 10 -33 eV. This is of the same order 
of magnitude as the ultralow mass proposed by Parker 
and Raval Si- But in that case the period of the en¬ 
ergy oscillations of Fig. 0 is 27 t a/c = 13 Gyr—nearly 
the presently accepted age of the Universe. Larger q 
and n values yield faster oscillations but much smaller 
amplitudes. And for the energy oscillations to be de¬ 
tectable, £ must be measurable to a precision substan¬ 
tially smaller than the oscillation amplitude in a time 
smaller than, say, one radian of the oscillation. With 
the values used here the late-time amplitudes are all 
about 2 a -1 , while the time for one radian of oscillation 
is a (in geometrized units once again), so energy-time 
uncertainty allows detection, but with little leeway. Of 
course these energies are not energy eigenvalues but ex¬ 
pectation values, so measurements of large numbers of 
identical particles may allow greater precision. More¬ 
over, as the energy-time uncertainly relation arises not 
from fundamental commutation relations but from anal¬ 
ysis of the measurement interaction, a more detailed ex¬ 
amination of the energy-measurement process might be 
needed to clarify this issue. In this respect the detector 
responses in Figs. could be considered prototypical 
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FIG. 3: Detector response functions T c for coherent field states corresponding to initially-Gaussian wave packets, above the 
Euclidean-vacuum contribution (“dark current”). The detector is comoving at the “north pole” 9\ = 0. Responses for smeared 
one-particle states corresponding to the same wave packets are indistinguishable from these on this scale. 


particle-energy measurements. These are integrals over 
all time, so they reveal no time dependence. (Switching 
the detectors on and off introduces extraneous excita¬ 
tions, difficult to disentangle from interactions with the 
field ip.) And the energy dependence of the responses is 
sensitive to detector location. In these calculations the 
detector is taken to be a pointlike quantum system un¬ 
affected by the spacetime geometry— hence the ordinary 
Fourier transforms in Eq. Ol . A future analysis of the 
interaction of two genuinely de Sitter-space quantum sys¬ 
tems may shed more light on the prospects for observing 
such quantum/spacetime-dynamical phenomena. 
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Gaussian wave packet with a = 0.2236. Here the detector is comoving at the “equator” (9\ = 7r/2). 
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FIG. 5: Detector responses T\ for smeared one-particle states corresponding to initially-Gaussian wave packets. Here the 
detector is comoving at the “south pole” (6h = n). Responses for coherent states for the same wave packets, for this detector 
position, are negligible on the scale of this graph (and below the resolution of the calculation). 







